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Mesoscale architecture
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Gated Deep Linear Network
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Arch graph : nodes , edges Γ 𝑉 𝐸



Andrew Saxe

Gated Deep Linear Network
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Gate 𝑔

h = max(0,𝑤𝑥) = step(𝑤𝑥)𝑤𝑥

net input

f(n) Linear regime

Off

Gating interpretation: Relaxation of ReLU
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Gradient descent
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ℒ({𝑊 }) = ⟨ 1
2 ∑

𝑣∈Out(Γ)

𝑦𝑣 − h𝑣
2

2⟩
𝑥,𝑦,𝑔

Minimize  loss  𝐿2

𝜏
𝑑
𝑑𝑡

𝑊𝑒 = −
𝜕ℒ({𝑊 })

𝜕𝑊𝑒
   ∀𝑒 ∈ 𝐸

using gradient flow on the weights
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Gradient descent
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Path 𝑝
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𝑊𝑒 = ∑
𝑝∈𝒫(𝑒)

𝑊 𝑇
𝑡̄(𝑝, 𝑒) 
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Gradient descent
𝜏

𝑑
𝑑𝑡

𝑊𝑒 = ∑
𝑝∈𝒫(𝑒)

𝑊 𝑇
𝑡̄(𝑝, 𝑒)ℇ(𝑝)𝑊 𝑇

𝑠̄(𝑝, 𝑒) 
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: All paths through 𝒫(𝑒) 𝑒

ℇ(𝑝) = Σ𝑦𝑥(𝑝) − ∑
𝑗∈𝒯(𝑝)

WjΣ
𝑥(𝑗, 𝑝)

: All paths terminating at same node as 𝒯(𝑒) 𝑝

Σ𝑦𝑥(𝑝) = ⟨𝑔𝑝𝑦𝑡(𝑝)𝑥
𝑇
𝑠(𝑝)⟩

𝑦,𝑥,𝑔

Σ𝑥(𝑗, 𝑝) = ⟨𝑔𝑗𝑥𝑠(𝑗)𝑥
𝑇
𝑠(𝑝)𝑔𝑝⟩

𝑦,𝑥,𝑔



Andrew Saxe

Intuition
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Each pathway behaves like a deep linear network


Gating controls the effective dataset for each 
pathway
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The XoR problem
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Minsky & Papert, 1969; Rumelhart, Hinton & Williams, 1986



Andrew Saxe

Gating dynamics
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Gating dynamics
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XoR Dynamics
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XoR Dynamics
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XoR Dynamics
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Which gating structures?
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Neural Race Reduction
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• Different gating schemes yield different effective datasets 
and deep linear network trajectories


• The ones which learn fastest dominate the solution

C.f. Lottery Ticket Hypothesis, Frankle & Carbin, 2019
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Routing Network
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French

German

Spanish

French

German

Spanish

Each domain has distinctive input/outputs but similar underlying structural form 
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Pathway structure
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Dynamics of abstraction
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Epoch
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Can translate between unseen domain pairs by switching gating

Systematic generalization
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Summary

• Gated deep linear networks provide a surrogate model for studying nonlinear 
representation learning, the effect of architecture, and generalization


• Dynamics take the form of a neural race, with different pathways viewing 
different effective datasets


• Winning pathways dominate the solution
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